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Abstract

We de�ne and examine two�dimensional hypersingular integrals on ��� ��� and on
������ and relate their Hadamard �nite�part �HFP� values to Mellin transforms� The
integrands have algebraic singularities of a possibly unintegrable nature on the axes and
at the origin� Extending our work on one�dimensional integrals reported in �		
� we
obtain variants of the classical Euler�Maclaurin expansion for various two�dimensional
integrals� In many cases� the constant term in the expansion �which is not necessarily
the leading term� provides the value of the HFP integral� These expansions may be used
as the basis for the numerical evaluation of a class of HFP integrals by extrapolation�

� Background

This paper treats a part of numerical cubature concerned with formulas that can be used
to evaluate a two�dimensional Hadamard �nite�part integral numerically by using extrapo�
lation�

In a previous paper �MoLy��� we derived a generalization of the one�dimensional Euler�
Maclaurin expansion for hypersingular integrals� The singularity� which occurs at an end�
point of the integration interval� need not be integrable in the conventional sense� It is
interpreted as a Hadamard �nite�part integral 	see �Ha
����Mo���
� and in many cases the
constant term in the Euler�Maclaurin expansion coincides with this integral� Some of the
results in that paper are listed in subsection ����

In this paper� corresponding results are derived in a two�dimensional context� We treat
the quadrant ����
� and the square ��� �
� with an integrand having a full corner singularity�
that is� one that� in the unit square� takes the form

f	x�� x�
 � x��� x��� r�	x�� x�
� 	���
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where r� is homogeneous of degree � 	see 	���


 and has no singularity in ��� ��� other than
at 	�� �
�

We note that in the hypersingular case we may have �� � �� � � � �� and �i �

��� 	These parameter values are conventionally excluded because they lead to divergent
integrals�
 We also note that any expansion for f of this form is readily adapted to one for
fg� where g is a regular function� by means of its Taylor expansion about the origin� this
process is treated in detail in section xx
xx below� Several expansions for two�dimensional
regular integrals on which extrapolation is based are mentioned brie�y below� The purpose
of the rest of this paper is to generalize some of these expansions to include two�dimensional
hypersingular integrals�

One classical approach to cubature for regular integrals over a square is based on extrap�
olation� Let Q be any standard cubature rule over ��� �
�� and denote its m�copy version
by Q�m�� When f	x� y
 is Riemann integrable� Q�m�f is a discretization of If � the integral
over ��� �
�� and If is the limit of Q�m�f as m becomes in�nite�

In some cases one may write Q�m�f as an expansion in m� For example� when f is
C�p�����
��we have the classical Euler�Maclaurin expansion

Q�m�f � If �
p��X
s��

Bs�m
s � Rp� 	���


where Bs is independent ofm and Rp � O	m�p
� This particular result is a two�dimensional
version of the classical Euler�Maclaurin expansion� which is usually asymptotic�

When f	x
 is simply a homogeneous function r�	x�� x�
 of degree � having no singularity
in ��� ��� other than at 	�� �
� a di�erent expansion 	see �Ly���
 is valid� namely�

Q�m�f � If � A����m
��� �

p��X
s��

Bs�m
s �Rp� 	���


In this case� as in 	���
� simple integral representations for the coe�cients Bs and Cs and
for the remainder terms are known �Ly����

The extension of this result to the full corner singularity �LydD��� produced an expansion

that included terms of the form A
�i�
n��i

m�n��i with positive integer n� In general� simple
integral representations for the coe�cients are not available�

The derivation of these expansions was not easy� and a separate long and detailed proof
is required for each 	�Ly�����Si�����LydD���
�

In ���� Verlinden 	�Ve�����VeHa���
 introduced a new uniform approach� based on Mellin
transforms� for constructing these expansions� He treated the s�dimensional region ����
s

and all s�dimensional monomial versions of our full corner singularity� He established that
many expansions of this nature exist� While complicated in detail� his method deals with
all these di�erent cases uniformly� The di�erences arise in a technical way and depend on
the nature of the poles of an integrand function that depends� in turn� on the values of the
parameters� In general� his treatment was limited to cases where the integral is regular� We
have followed his approach� but in the context of hypersingular integrals�
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��� Outline

In this paper� we approach the problem of divergent integrals from the following viewpoint�
Suppose the parameters in 	���
 are such that f	x� y
 is a function for which the integral
over ��� �
� diverges� Then� while the quadrature rule sum Q�m�f exists for any �nite m�
it becomes unbounded with increasing m� In this paper� we show that� in many of these
cases� there is still an expansion that 	not unlike the Laurent expansion
 starts with a few
isolated terms involving positive powers of m and then continues with the familiar negative
powers� In some cases 	later de�ned as generic cases
 the constant coe�cient 	which here
is not the leading coe�cient
 coincides with the value of the Hadamard �nite�part integral�

We organize this paper as follows� In section xx���xx we collect some of the results of
our previous one�dimensional investigation� In sections xx���xx and xx���xx we de�ne two�
dimensional Mellin transforms and Hadamard �nite�part 	HFP
 integrals and note some of
their elementary properties� including the connection between them�

In general� the approach based on the Mellin transform requires an integration region
����
�� An integrand such as the basic full corner singularity speci�ed in 	���
 does not
converge over this region� We deal with this di�culty in section xx�xx� where we de�ne
allowable and acceptable functions and introduce neutralizer functions to mitigate the decay
rate for large xi� In section xx���xx� we present information about poles and residues of
some Mellin transforms�

In section xx�xx� we substitute the expression for f given by the two�dimensional Mellin
inversion formula 	���
 into the expression for the trapezoidal rule 	���
� This gives the basic
relation on which the entire theory is based� This is a contour integral representation 	���

of the trapezoidal rule� which can be developed into an expansion by moving contours to
the left and including residues of poles that are passed over� These residues depend on m

and on the parameters ��� �� and �� For many sets of parameters� all poles are simple� these
are termed generic cases� see de�nition ��� and theorem ���� In section xx�xx� we con�ne
ourselves to these cases� Our principal result is theorem ���� which gives the expansion for
f � the pure full corner singularity over ����
�� The extension to fg where g is a regular
function is e�ected in section xx
xx� where the form of the expansions for ����
� and for
��� �
� is given in theorem 
�� for generic integrands� The expansions for ��� �
� are obtained
by taking sums and di�erences of corresponding integrals over appropriate in�nite regions
	see 	
��

� in these� neutralizer functions do not appear� In section xx�xx we treat in
more detail some special cases of the full corner singularity� such as those with �i � � or
with r� � �� We are able to simplify the integral representations of the coe�cients� in fact�
some of these turn out to be HFP integrals� in some cases even when the original integral
is regular� A straightforward way of obtaining the form of the expansion for nongeneric
integrands is explained in section xx�xx�

We have noted that many rules may be used as a basis for extrapolation� Most of these
rules� however� may be expressed as linear combinations of the o�set trapezoidal rule

S
m
	��� ��
f �

�

m�

m��X
j��	

m��X
j��	

f

�
j� � ��
m

�
j� � ��
m

�
� 	���


with di�erent parameters ��� ��� Thus� once an expansion for the o�set trapezoidal rule
	���
 is available� the corresponding expansion for Q�m�f is readily obtained by linear su�

�



perposition� In this paper we simply seek expansions for this o�set trapezoidal rule�

��� One�Dimensional Extrapolation for HFP Integrals

Central to the one�dimensional theory treated in our earlier paper �MoLy��� is the Mellin
transform of a function f	x
 together with the standard inversion formula� These are de�ned
by

Mx	f	x
� p
 � M	f � p
 �
Z �

	
f	x
xp��dx� f	x
 �

�

��i

Z c�i�

c�i�
M	f � p
x�pdp� 	��



The path of integration in the second integral is Re	p
 � c� and c may take any real value
p for which the left�hand integral exists� In the many cases in which no confusion is likely
to arise� we use the abbreviation M	f � p
� This is analytic in p and is generally de�ned by
analytic continuation from regions where the integral representation is valid�

In �MoLy��� we considered only functions f	x
 � x�g	x
� where g	x
 � C�m�������

has a decay rate at in�nity exceeding that of any inverse power of x� that is�

����
Z �

	
g���	x
xjdx

���� ��� 	 � �� �� � � � � m� ��

for all j � �� The functions g	x
 were termed �allowable� in C�m�������
 � For these
functions we established theorem ���� which speci�es the simple poles of M	f � p
�

Applying the conventional de�nition of the HFP integral 	a one�dimensional version of
de�nition ��� below
� we established that

Z �

	
� f	x
dx � M	f � �


in all cases in which f � gx� and g is allowable and M	f� p
 has no singularity at p � ��
This permitted us to derive several properties of the HFP integral by developing the 	more
robust and better established
 Mellin transform�

When M	f � p
 has no poles in Re	p
 
 �� the analytic continuation of M	f � p
 into
Re	p
 
 �m� �� excluding the nonpositive integers� may be represented by

M	f � p
 �

Z �

	
� f	x
xp��dx �

	��
i

p	p� �
 � � �	p� i


Z �

	
f �i���	x
xp�idx 	���


for all integers i for which the �nal integral exists�

Theorem ��� When f	x
 � x�g	x
 and g	x
 is an allowable function in C�������
� the
analytic continuationM	f � p
 of the Mellin transform of f	x
 has simple poles at p � ���n�
n � �� �� �� �� � � � � and

Mt	t
�g	t
���� n � �
 �

g�n�	�
�n�

�
�

Z �

	
� g	x
x�n��dx 	���


��

Z �

	
� g	x
	logx
x�n��dx�O	��
�

�



Using the standard Riemann zeta function expansion

�	p� x
 �
�X
k�	

	x� k
�p� x � 	�� ��� p 
 �� 	���


together with the Mellin inversion theorem 	second member of 	��


� we derived a contour
integral representation for the trapezoidal rule sum approximation

Sm	�
f �
�

m

�X
j�	

f

�
j � �

m

�
� 	���


This is the expression on the left�hand side of 	����
� Applying 	���
� we established the
following 	asymptotic
 expansion�

Theorem ��� Let f	x
 � x�g	x
� let g	x
 be allowable in C�N�������
� and let � not be
a negative integer� Then�

�

��i

Z c�i�

c�i�
M	f � p
�	p� �
mp��dp � M	f � �
 �

NX
n�	

g�n�	�


n�

�	�n � �� �


mn����
	����


�
�

��i

Z c��i�

c��i�
M	f � p
�	p� �
mp��dp�

where N is a nonnegative integer� c 
 �� �� c� � 	�N � �� ���N � �� �
� and M	f � p

is the �analytic continuation of the� Mellin transform of f	x
 �in the p�plane��

Since the �rst term on the right is an HFP integral� this expansion is a minor generalization
of the classical Euler�Maclaurin asymptotic expansion� We note that this HFP integral is
the constant term in an expansion that may contain terms of both higher and lower order�

Remark ��� When � is a negative integer� a variant of this theorem pertains� The
term in the summation having n � ��� � is indeterminate as written� This term and with
M	f � �
 must be replaced by a pair of terms of the form C	 logm �D	� Details are given
in �MoLy���� We note that the same phenomenon� in a more complicated setting� occurs
in the two�dimensional case� We refer to the cases covered by the theorem as generic cases
and the cases with negative integer � as nongeneric cases�

� The Two�Dimensional Mellin Transform

��� General De�nitions and Properties

We de�ne a double Mellin transform of f	x�� x�
 in a natural way� For values of p� and p�
for which the integral exists� we de�ne

Mx�y	f	x� y
� p�� p�
 � M	f � p�� p�
 �
Z �

	

Z �

	
f	x�� x�
x

p���
� xp���� dx�dx�� 	���


For other values of p� and p�� the transform may be de�ned by using analytic continuation�
A double application of the one�dimensional inversion formula 	��

 gives the corresponding
two�dimensional inversion formula� namely�

f	x�� x�
 �
�

	��i
�

Z c��i�

c��i�

Z c��i�

c��i�
M	f � p�� p�
x

�p�
� x�p�� dp�dp�� 	���







Here c� and c� may take any real values of p� and p�� respectively� for which the double
integral in 	���
 above exists�

We shall apply the Mellin transform only to functions that are acceptable according to
the following straightforward generalization of the one�dimensional de�nition�

De�nition ��� A function g	x�� x�
 is an allowable function in C�n�	����
�
� n � �� when
it is a C�n� function in both variables and

j

Z �

	

Z �

	
g�i�j�	x�� x�
x

k
�x

l
�dx�dx�j �� 	���


for all integers ��i� j�n� all k� l 
 ��
An acceptable function is one of the form g	x�� x�
x

��
� x��� where g is allowable�

When g is allowable� it is a simple matter to obtain a set of real integral representations
for the Mellin transform� valid for all real noninteger p� and p�� We start with the de�nition
	���
� assigning values of p� and p� su�ciently large that the integral exists� Then we carry
out the process of integration by parts� i times in the x� variable and j times in the x�
variable� The contributions from the lower limits contain factors of the form x�i with 
 
 �
and so vanish� the decay rate of an allowable function ensures that the contributions from
the upper limits vanish also� We are left with the following generalization of 	���
�

M	g� p�� p�
 � 	���


	��
i�j

p�	p� � �
 � � �	p� � i� �
p�	p� � �
 � � �	p� � j � �


Z �

	

Z �

	
g�i�j�	x�� x�
x

p��i��
� xp��j��� dx�dx��

	��


The derivation of this relation is valid only for values of pi for which integral represen�

tation 	���
 exists� But the right�hand side exists for a wider range of pi and is analytic in
pi� An elementary application of the principle of analytic continuation produces the result

M	g� p�� p�
 �
	��
i�j	p� � �
�	p�� �
�

	p� � i� �
�	p� � j � �
�
M	g�i�j�� p� � i� p� � j
� 	���


valid for all allowable functions g� with all noninteger values of pi�
We close this subsection with some standard rules for manipulating the two�dimensional

Mellin transform�

Lemma ��� Let f � �� and h be functions of two variables� and let p� and p� be parameters
such that the Mellin transform functions below exist� Then we have the following�
�a� When �	y�� y�
 � f	y�y�� y�
�

Mx�y	f	x� y
� p�� p�
 � Mx�y	�	x� y
� p�� p�� p�
�

�b� When �	x�� x�
 � x��� x
��
� h	x�� x�
�

Mx�y	�	x� y
� p�� p�
 � Mx�y	h	x� y
� p�� ��� p� � ��
�

�c� When f	x� y
 � g	x
h	y
�

Mx�y	f	x� y
� p�� p�
 � Mt	g	t
� p�
Mt	h	t
� p�


	Bear in mind that x� y� t are dummy variables that may be renamed at will�
 These
textbook results are direct consequences of the de�nitions�

�



��� De�nition of HFP Integral and Relation with the Mellin Transform

We now de�ne a two�dimensional HFP integral and show that� in many circumstances� it
coincides with M	f � �� �
�

De�nition ��� Let f be integrable over 	�� b
�� for all � satisfying � � � � b � �� Suppose
there exists a strictly monotonic increasing sequence of nonpositive real numbers �	 � �� �

�� � ��� � �M � � and a nonnegative integer J such that an expansion of the form

Z b

�

Z b

�
f	x�� x�
dx�dx� �

MX
i�	

JX
j�	

Ii�j	b
�
�i logj � � o	�
 	���


exists� Then the corresponding �nite�part integral may be de�ned as follows�

FP

Z b

	

Z b

	
f	x�� x�
dx�dx� � II�		b
� when �I � � 	���


� � when �i �� � for all i�

	This is the unique term in the summation tat is independent of ��

Remark ��� Other de�nitions are possible� One more general de�nition uses two inde�

pendent parameters� say� �� and ��� as lower limits in 	���
 together with a correspondingly
more sophisticated expansion� This can lead to di�erent results in some cases 	see remark
���
� however� the results in this paper would be una�ected by this change� The choice
�� � �� � � used here corresponds to a standard one adopted in hypersingular boundary
integral equations where f is of form 	���
 with �� � �� � � and � � ���

To our knowledge� until now� de�nitions of �nite�part integrals have been given only
with reference of integrand functions of type 	���
 with �� � �� � �� that is� with a hyper�
singularity at the origin but otherwise regular 	see �ScWe���
� In that case an expansion of
form 	���
 may be obtained by taking out a circular or square neighborhood of the origin
of �size� �� In our de�nition� in order to allow line singularities along x� � � and x� � ��
we delete also a neighborhood of these lines� This strategy has the added advantage that
we may readily exploit one�dimensional results about the Mellin transform� Nevertheless�
it is not di�cult to verify that when we have only a point singularity� that is� in 	���
 we
have �� � �� � �� our de�nition generally coincides with the standard one that takes out a
square neighborhood of the origin� The reason is that� unless � � ��� the two extra strips
we delete do not contribute to the �nite�part value� When � � ��� our transform may be
obtained from the one with the square cut by subtracting the quantity

Z �

�

�Z �

	
r�	x� y
dy

�
dx�

Z �

	

�Z �

�
r�	x� y
dx

�
dy� � � ��� 	���


We now con�ne our attention to the �nite�part integral

I �g���� ��� �� FP

Z �

	

Z �

	
g	x�� x�
x

��
� x��� dx�dx�� 	����


where g	x�� x�
 is integrable over 	����
�
� Clearly� when ���� and ���� are both positive�
this is a regular integral and coincides with a Mellin transform 	see de�nition 	���

�

I �g���� ��� � M �g���� �� �� � ��� �i 
 ��� 	����


�



In fact� when g	x�� x�
 is an allowable function in C�n�	����
�
 with n � �� this relation is
valid for many other choices of �� and ��� as speci�ed in the theorem ���� The rest of this
subsection is devoted to establishing this somewhat pedestrian theorem in a straightforward
manner� to this end we need the next two theorems�

Theorem ��� Let g	x�� x�
 be an allowable function in C�n�	����
�
� n � ��� let neither
�� nor �� be a negative integer� and let i and j be nonnegative integers such that both ��� i

and �� � j exceed �	� Then

Z �

�

Z �

�
g	x�� x�
x

��
� x��� dx�dx� � T���� T���	�
 � T���	�
 � T���	�
� 	����


where

T��� �
	��
i�j������

	�� � i
�p	��� j
�

Z �

	

Z �

	
g�i�j�	x�� x�
x

���i
� x���j� dx�dx� 	����


and
T���	�
 � ���U���	�
� T���	�
 � ���U���	�
� T���	�
 � ������U���	�
�

Um�n	�
 being convergent power series in ��

The FP integral of 	����
 is the constant coe�cient of � on the right of this equation� This
is T��� provided �� and �� are chosen so the other terms contain no constant terms� This
leads to the following theorem�

Theorem ��� When none of ��� ��� ����� are nonpositive integers and when g	x�� x�
 is
an allowable function in C�n�	����
�
� n � ��

FP

Z �

	

Z �

	
g	x�� x�
x

��
� x��� dx�dx� � 	����


	��
i�j������

	�� � i
�p	��� j
�
FP

Z �

	

Z �

	
g�i�j�	x�� x�
x

���i
� x���j� dx�dx� 	���



for all nonnegative integers i and j�

Naturally� the latter �nite�part integral is regular when both �� � i and �� � j exceed ���
Theorem ��� is readily established from this equation and 	��� 
 by choosing i and j so that
the �nite�part integral is regular� setting pi � �i � �� and applying 	����
�

Theorem ��� When none of ��� ��� �� � �� are nonpositive integers� and when g	x�� x�

is an allowable function in C�n�	����
�
� n � �� �

FP

Z �

	

Z �

	
g	x�� x�
x

��
� x��� dx�dx� � I �g���� ��� � M �g���� �� �� � �� 	����


Remark ���� If one were to adopt the more general de�nition of the �nite part inte�
gral mentioned in Remark ��� above� one would recover theorems ��� and ��� without the
restriction on �� � ���

�



��� Full Corner Singularity with Neutraliser Function

The general theory above requires that the integrand function take the form g	x�� x�
x
��
� x��� �

where g	x�� x�
 is an allowable function in C�n�	����
�
 for some �nite n � �� As written�
our full corner singularity 	���
� namely x��� x��� r�	x�� x�
� may fail on two counts� First�
many choices of the parameters do not produce su�cient decay for large values of xi� Second�
the homogeneous function in general introduces a singularity at the origin that gives rise
to a nonintegrable function in a subsequent integration� In this subsection� we address
both counts by introducing a specially constructed two�dimensional neutralizer function
N	x�� x�
� which we�de�ne in terms of one dimensional neutralizer functions in such a way
that fN coincides with the full corner singularity f in ��� �
� and may be expressed as the
sum of two independent acceptable functions�

De�nition ��� A neutralizer function �	x� k�� k�
 is a C� function of x� de�ned for all
real arguments satisfying k� � k�� that satis�es

�	x� k�� k�
 � � for x � k��

� � for x � k��

Where no confusion is likely to arise� we abbreviate �	x� k�� k�
 as �	x
�
We now specify a neutralizer function

�	x
 � �	x� k�� k�
 with � � k� � k��

and construct a two dimensional neutraliser function

N	x�� x�
 � �	x�� k�� k�
�	x�� k�� k�
 	����


in terms of which we may de�ne

f 	x�� x�
 � x��� x��� r�	x�� x�
N	x�� x�
� 	����


This function is inconvenient to use when ���� because certain integrals that appear later
do not converge� To continue� we need a second one�dimensional neutralizer function

�		x
 � �		x� k
��
	 � k	
� with k	 
 ��

It follows from the de�nition that� when k	 
 �� the function

��		x
 � ��		x� k
��
	 � k	
 � �� �		x

��� k��	 � k	
 	����


is also a neutralizer function� It is notationally convenient to choose �	 so that ��		x
 �
�		x
�

For reasons we discuss later� we express f	x�� x�
 as the sum of two functions� one of
which is zero in a sector including the x��axis and the other is zero in a sector including
the x��axis� To this end� we de�ne a two�dimensional neutralizer function

�



N	x�� x�
 � �	

�
x�
x�
� k��	 � k	

�
�	x�� k�� k�
 	����


�

�
�� �	

�
x�
x�
� k��	 � k	

��
�	x�� k�� k�
 	����


�� N ���	x�� x�
 �N ���	x�� x�
� 	����


One may verify that N	x�� x�
 � � for all 	x�� x�
 � ��� ��� that N	x�� x�
 � � when either
x� or x� exceeds k	k�� and that N � C�������
�� This is a two�dimensional neutralizer
function�

We now reintroduce our full corner singularity 	���
 as the function

f	x�� x�
 � x��� x��� r�	x�� x�
N	x�� x�
� 	����


Here� r�	x�� x�
 is homogeneous about the origin of degree � and has no singularity in the
�rst quadrant other than possibly at the origin� Because of however� this singularity� this
function has a nonallowable component� We overcome this di�culty by expressing f as the
sum of two parts� each of which is separately acceptable� These are

f �i�	x�� x�
 � x��� x��� r�	x�� x�
N
�i�	x�� x�
� i � �� �� 	����


Since r� is homogeneous� we have by de�nition

r�	�x�� �x�
 � ��r�	x�� x�
� �� 
 �� 	���



and we may reexpress r� in various ways including

r�	x�� x�
 � x��r�	x��x�� �
 	����


� x��r� 	�� x��x�
 � 	����


Clearly� integral representation 	���
 may be synthesized� thus

M	f � p�� p�
 �M	f ���� p�� p�
 �M	f ���� p�� p�
� 	����


where
f ���	x�� x�
 � x��� x����� r�	x��x�� �
N

���	x�� x�
 	����


and
f ���	x�� x�
 � x����� x��� r�	�� x��x�
N

���	x�� x�
� 	����


We note that f ���	x�� x�
 and f ���	x�� x�
 become zero when x� � k�x� and x� � k�x��
respectively� Taking this into account� one can readily show that r�	x��x�� �
N

���	x�� x�

and r�	�� x��x�
N ���	x�� x�
 are allowable functions� Thus both f ��� and f ��� are acceptable
functions�

Applying in turn several results in this section� we readily establish the following theo�
rem�

��



Theorem ��� When f	x�� x�
 � x��� x��� r�	x�� x�
N	x�� x�
 and none of ��� ��� ����� ���
�� and �� � �� � � are negative integers�

FP

Z �

	

Z �

	
f	x�� x�
dx�dx� � M	f � �� �
� 	����


Note� this extends the result in Theorem ��� so as to include the generally nonallowable
function g	x�� x�
 � r�	x�� x�
N	x�� x�
�

Proof� We treat the component f ���� In view of de�nition 	����
 we have

FP

Z �

	

Z �

	
f ���	x�� x�
dx�dx� � FP

Z �

	

Z �

	
x��� x����� g	x�� x�
dx�dx�� 	����


where

g	x�� x�
 � r�	x��x�� �
N
���	x�� x�
 	����


is an allowable function� In view of this� so long as none of ��� �� � �� and �� � �� � � are
negative integers� we may apply theorem ��� to express this integral as a Mellin transform
M �g���� �� �� � �� ��� this coincides with M �f ���� �� ���

Treating the component f ��� in an analogous way and combining the results for the two
individual components� we obtain 	����
� establishing the theorem� �

The idea of the partition of f � which is not acceptable� into the two functions f ���� f ����
each of which is acceptable� is of key importance� This was �rst used by Verlinden for
regular integrals�

��� Development of M �f ���� p�� p��

We next examine the behavior of these individual Mellin transforms in their domain of
analyticity� We treat in detail only the �rst integrand� to reduce this� we change variables
in the corresponding Mellin transform 	���
 using

y� � x��x�� y� � x�� 	����


	this is a Du�y Transformation�
 To e�ect this coordinate transformation 	����
� we apply
part 	a
 of lemma ��� to the function f ��� in 	����
� This givesM	f ���� p�� p�
 � M	�� p�� p��
p�
 with

�	y�� y�
 � f ���	y�y�� y�
 � 	y�y�

��y����� r�	y�� �
N

���	y�y�� y�


� y��� y�������� r�	y�� �
�		y�
�	y�
�

Since � turns out to be a product function� we may apply part 	c
 of the same lemma�
giving the �rst part of the following theorem�

Theorem ��� For the functions f ��� and f ��� de�ned by �
�
�� and �
��
�� respectively� we
have

M	f ���� p�� p�
 � Mt	t
��r�	t� �
�		t
� p�
Mt	t

��������	t
� p� � p�


M	f ���� p�� p�
 � Mt	t
��r�	�� t
��		t
� p�
Mt	t

��������	t
� p� � p�
�

��



The second part of this theorem may be established in precisely the same way�
this factorization of the two�dimensional Mellin Transform into the product of two one�

dimensional Mellin Transforms leads to major simpli�cation in the subsequent development
of the theory� It is a direct consequence of the particular form 	����
 of the two�dimensional
neutralizer function N	x�� x�
� Other equally valid forms� some simpler� do not lead to this
factorization�

To establish the asymptotic expansions in the next two sections� we require expressions
for the poles and residues of these functions� To this end we apply theorem ��� of the
preceding section to the individual factors� Since for all our one�dimensional neutralizer
functions we have �	�
 � � and ��n�	�
 � � for all n 
 �� this theorem leads to the following
two lemmas�

Lemma ��� Mt	t
��r�	t� �
�		t
� p�
 has a sequence of simple poles located at

p� � ��� � n�� n� � �� �� � � � � 	���



with residues r
�n��	�
� 	�� �
�n�� respectively� The corresponding Laurent expansion is

Mt	t
�r�	t� �
�		t
� ���n��
 �

r
�n�	�
� 	�� �


�n�
�
X
j�	

�j

j�
�
Z �

	
r�	t� �
t

�n���		t
 log
j t dt� 	����


Lemma ��� Mt	t��	t� k�� k�
� p
 has only one pole� This is a simple pole located at p � ��

with residue 	�

In fact there is a simple expression for this transform� When p 
 ��� we may use the
standard integral representation 	��

 � Remembering that �	t
 � � for t � k� and �	t
 � �
for t 
 k�� we �nd

Mt	t
��	t� k�� k�
� p
 �

kp���

p� �
�

Z k�

k�

tp�����	t
dt� 	����


Analytic continuation extends this result to all p �� ���
Since k� 
 �� the Laurent expansion about this pole is

Mt	t
� ��	t� k�� k�
��� � �
 �

�

�
�
X
j�	

�j

j�

Z k�

�
t����	t� k�� k�
 log

j t dt� 	����


Note that the location of the poles and their residues do not depend on the details of the
neutraliser functions�

� Two�Dimensional Error Expansion

After these preliminaries� we �nd an expansion for the double in�nite sum

Sm	��� ��
f
��� �

�

m�

�X
j��	

�X
j��	

f ���
�
j� � ��
m

�
j� � ��
m

�
� 	���


��



When this sum converges� it is clearly a discretization of the regular integral

M	f ���� �� �
 �

Z �

	

Z �

	
f ���	x�� x�
dx�dx�� 	���


Applying the two�dimensional Mellin inversion formula 	���
 to the function f ��� in 	���

and simplifying by using the standard expansion 	���
 of the Riemann zeta function� we
obtain a contour integral representation of the trapezoidal rule sum 	���
 of the form

Sm	��� ��
f
��� �

�

	��i
�

Z c��i�

c��i�

Z c��i�

c��i�
M	f ���� p�� p�
�	p�� ��
�	p�� ��
m

p��p���dp�dp�� 	���


We remark� at this stage� that this integrand has a pole 	due to the zeta functions

at p� � p� � �� This pole has residue M	f ���� �� �
 that is� in some cases� precisely the
integral 	���
 to which the discretization 	���
 may converge� This circumstance motivates
the rest of this paper� It suggests that� by moving the contours in 	���
� we may isolate the
exact integral� leaving a remainder term� In this section� we put this suggestion on a proper
mathematical footing� We �nd that� in many cases� other residues of the integrand function
in 	���
 correspond to other terms in the Euler�Maclaurin expansion and� appropriately� in
generalizations of this expansion�

In 	���
 the integration paths are along Re	p�
 � c� and Re	p�
 � c�� respectively�
and c� and c� are real numbers for which M	f ���� c�� c�
 is given by its standard integral
representation of form 	���
� This implies that all poles of M	f ���� p�� p�
� as a function
of p� with p� �xed and of p�� with p� �xed� are on the left of the lines Re	p�
 � c� and
Re	p�
 � c� respectively� The locations of these poles 	for both f

��� and f ���
 can be obtained
from lemmas ��� and ���� We �nd these parameters need to satisfy

c�� c� 
 �� c� 
 ���� c� 
 ���� c� � c� 
 �	�� � �� � �
� 	���


To obtain an expansion� we employ precisely the technique used in �MoLy���� section ��
in a one�dimensional context to establish theorem ���� Here� we keep c� �xed and treat p�
as an incidental parameter� we identify the poles of the integrand function in 	���
 in the
p� plane� There are only two� The zeta function has a simple pole with residue � located at
p� � �� And� in lemma ���� we noted that the second factor in the Mellin transform has a
simple pole at p� � �	p���������
� again with residue �� We move the second contour
to the left� passing over both these poles� including� in each case� a term that comprises the
residue of the integrand function at that pole� Choosing c�� � min	���	p�� �� � �� � �

�
we �nd

�

��i

Z c��i�

c��i�
M	f ���� p�� p�
�	p�� ��
m

p���dp� �

M	f ���� p�� �
�
�	�	�� � �� � �� p�
� ��
Mt	t��r�	t� �
�		t
� p�


m���������p����
	��



�
�

��i

Z c�
�
�i�

c�
�
�i�

M	f ���� p�� p�
�	p�� ��
m
p���dp��

��



Naturally� the derivation above is invalid when p� is a pole of M	f ���� p�� p�
� Each term
in 	��

 is an analytic function of p�� however� and this fact is exploited below�

Substituting 	��

 into 	���
 gives

Sm	��� ��
f
��� �

�

��i

Z c��i�

c��i�
M	f ���� p�� �
�	p�� ��
m

p���dp� 	���


�
�

��i

Z c��i�

c��i�
�	p�� ��


�	�	�� � �� � �� p�
� ��
Mt	t
��r�	t� �
�		t
� p�


m���������
dp�

�
�

	��i
�

Z c��i�

c��i�

Z c�
�
�i�

c�
�
�i�

M	f ���� p�� p�
�	p�� ��
�	p�� ��
m
p��p���dp�dp��

We note that in the second integrand the part depending onm has turned out to be indepen�
dent of p� and therefore may be taken outside the integral� This simplifying phenomenon
allows us to set

A
���	�
��������� �

�

��i

Z c��i�

c��i�
�	p�� ��
�	�	�� � �� � �� p�
� ��
Mt	t

��r�	t� �
�		t
� p�
dp��

	���

and 	���
 reduces to an expansion of the form

Sm	��� ��
f
��� �

�

��i

Z c��i�

c��i�
M	f ���� p�� �
�	p�� ��
m

p���dp� 	���


�
A
���	�
���������

m���������

�
�

	��i
�

Z c��i�

c��i�

Z c�
�
�i�

c�
�
�i�

M	f ���� p�� p�
�	p�� ��
�	p�� ��
m
p��p���dp�dp��

We treat the �rst term on the right in 	���
� We move the integration contour Re p� � c�
to the left to a new location Re p� � c�� � c�� In doing so� we have to addend the residue Ri

of every pole Pi of the integrand function ����	p�
 �� M	f ���� p�� �
�	p�� ��
m
p���� which� as

a result of the transfer� now appears to the right of the contour� Thus

�

��i

Z c���

c��i�
M	f ���� p�� �
�	p�� ��
m

p���dp� � 	���


X
Pi	c

�
�

Ri �
�

��i

Z c�
�
�i�

c�
�
�i�

M	f ���� p�� �
�	p�� ��
m
p���dp��

To proceed� we need to locate these poles and �nd expressions for their residues� In
view of theorem ��
� this integrand function may be written in the form

����	p�
 � Mt	t
��r�	t� �
�		t
� p�
Mt	t

��������	t
� p� � �
�	p�� ��
m
p���� 	����


The zeta function has a simple pole with residue � at

p� � p
�	�
� � �� 	����


��



the individual Mellin Transforms in this integrand have been treated in lemmas ��� and ����
The �rst Mellin Transform has a sequence of simple poles at

p� � p
���
� 	n�
 � ��� � n�� n� � �� �� � � � � 	����


with residues r
�n��	�
� 	�� �
�n�� respectively� while the second has a simple pole with residue

� at
p� � p

���
� � �	�� � �� � �� �
� 	����


The poles of each of the three factors of the integrand function 	����
 are simple poles�
A pole of one factor may� however� coincide with a pole of another factor� giving rise to a
multiple pole of ����	p�
� This depends on the values of the parameters ��� �� and �� The
expression for the residue Ri depends on the multiplicity of the pole Pi�

De�nition ��� The set of parameters ��� �� and � are termed generic when all the poles
of ���� are simple and all the poles of ���� are simple�

Here ���� is the integrand function in 	����
 when f ��� is treated in place of f ���� We note
that a pole of ���� may coincide with a pole of ����� In several important cases� there are
multiple poles� We discuss these nongeneric cases brie�y in section ��

� The Two�Dimensional Error Expansion in the Generic Case

So long as the locations of all the poles p
�j�
� given in 	����
� 	����
� and 	����
 are distinct� the

poles Pi of the integrand function ���� are simple� This fact� together with the corresponding
remark concerning ����� allows us to state a su�cient condition for a generic case�

Theorem ��� When none of the following �ve conditions are satis�ed� a generic case oc�
curs�

�	� �� � �� � � � ��
�
� �� � �� � � positive integer � m��
��� �� � negative integer � �m��

��� �� � �� � � positive integer � m�
��

��� �� � negative integer � �m�
��

Proof� The reader may verify that the �rst of these �ve conditions re�ects the coincidence

of poles at p
�	�
� and p

���
� above� The second and third conditions re�ect the coincidence of

one of the poles p
�n�
� with p

�	�
� and with p

���
� � respectively� The fourth and �fth conditions

arise from a corresponding treatment of f ���� �

We note that generic cases do occur� even when one or more of these conditions pertain�
Such an occurrence arises when one of the simple poles listed above disappears as a result
of a particular choice of parameters� The symptom is that the residue vanishes� 	For

example� when �� � �� � ��� � �� the poles p
���
� 	n�
 � ��� � n� disappear� except when

n� � �� None of the remaining poles coincide� This is a generic case� items 	�
 and 	�

notwithstanding�


�




We have given above the residues at p
�i�
� of the individual components of the integrand

function� We need the residues of the complete integrand function� In this generic case� the

residue of the integrand function 	����
 at p� � p
�	�
� � � is simply Mt	t

��r�	t� �
�		t
� �
�
Mt	t

��������	t
� �
� which� in view of 	���

� reduces to M	f ���� �� �
�
The other residues are calculated in the standard way for simple poles� Collecting these

terms� we �nd the specialization of 	���
 in the generic case to be

�

��i

Z c���

c��i�
M	f ���� p�� �
�	p�� ��
m

p���dp� � 	���


M	f ���� �� �
�
N�X

n��	

A
�����
���n����m

���n��� � A
�����
����������m

���������

�
�

��i

Z c�
�
�i�

c�
�
�i�

M	f ���� p�� �
�	p�� ��
m
p���dp��

where

A
�����
���n��� �

�

n��
r�n��	�� 	�� �
Mt	t

��������	t
���� � n� � �
�	��� � n�� ��
� 	���


A
�����
��������� � Mt	t

��r�	t� �
�		t
���� � �� � �� �
�	��� � �� � �� �� ��
� 	���


Substituting the right�hand side of 	���
 into 	���
� we obtain

Sm	��� ��
f
��� � M	f ���� �� �
�

A
���
���������

m���������
�

N�X
n��	

A
�����
n������

mn������
	���


�
�

��i

Z c�
�
�i�

c�
�
�i�

M	f ���� p�� �
�	p�� ��
m
p���dp�

�
�

	��i
�

Z c��i�

c��i�

Z c�
�
�i�

c�
�
�i�

M	f ���� p�� p�
�	p�� ��
�	p�� ��
m
p��p���dp�dp��

with
A
���
��� � A

���	�
��� � A

�����
���� 	��



Here� M	f ���� �� �
 is the 	double
 analytic continuation of 	���
 with f � f ���	x�� x�
� If no
continuation is necessary�

M	f ���� �� �
 �

Z �

	

Z �

	
f ���	x�� x�
dx�dx�� 	���


Naturally� the su�cient conditions in theorem ��� for this to be a generic case coincide
with the condition that each term in the expansion 	���
 involves a distinct power of m�
Further examination of the coe�cients reveals that� when the conditions of that theorem are
violated� and two terms appear having the same power of m� the expressions as written for
the coe�cients may become indeterminate� For example� when condition 	�
 is violated� and
�� is the negative integer �m�� the zeta function in 	���
 is indeterminate when n� � m����

However� if that particular term does not occur� for example when r�n��	�� � �� the expansion

��



is not a�ected� This fact recon�rms that condition 	�
 is only a su�cient condition for a
nongeneric case and not a necessary one�

Condition 	�
 of the theorem can be connected with the zeta function factor in 	���
 in
the same way� while condition 	�
 is related to a pole of the Mellin transform factor in the
same equation�

In the nongeneric cases one or more of these conditions are violated� The consequent
modi�cations to the expansions required are treated brie�y in section xx�xx�

At this point� we have available in 	���
 an expansion of the required form for Sm	��� ��
f
����

where
f ���	x�� x�
 � x��� x��� r�	x�� x�
N

���	x�� x�
� 	���


This function coincides with f	x�� x�
 in a region adjacent to the x��axis but tapers away
and coincides with zero in a region adjacent to the x��axis�

To obtain Sm	��� ��
f � we require the corresponding expansion for

f ���	x�� x�
 � x��� x��� r�	x�� x�
N
���	x�� x�
�

The calculation of Sm	��� ��
f
��� corresponds in every respect to that of Sm	��� ��
f

��� as
described above�

The major result of this paper is the following�

Theorem ��� Let ��� �� and � be a generic set of parameters� as speci�ed in de�nition
��	� Let Sm	��� ��
f be the o�set trapeziodal rule approximation ���	� to the full corner
singularity function f	x�� x�
 � x��� x��� r�	x�� x�
N	x�� x�
 as given in �
�
��� Then there
exists an asymptotic expansion of the form

Sm	��� ��
f � M	f � �� �
�
A
�	�
���������

m���������
�
X
n��	

A
�����
n������

mn������
�
X
n��	

A
�����
n������

mn������
� 	���


Here� we have set
M	f � �� �
 � M	f ���� �� �
�M	f ���� �� �


and
A
�	�
��� � A

���
��� �A

���
��� � A

���	�
��� �A

�����
��� �A

���	�
��� �A

�����
���� 	���


	Coe�cients having superscript � are de�ned explicitly in 	��

�	���
�	���
� and 	���
�
 As
mentioned above� in the conventional case� the integral is regular and

M	f � �� �
 �
Z �

	

Z �

	
f	x�� x�
dx�dx�� 	����


In general� when this does not exist� it is the analytic continuation of

M	f � p�� p�
 �

Z �

	

Z �

	
f	x�� x�
x

p���
� xp���� dx�dx 	����


to p� � p� � �� Since this is the generic case in which this meromorphic function has
no poles at p� � � or p� � �� the integral 	����
 does exist for some p� and p�� and its
continuation coincides with our de�nition of the Hadamard �nite�part integral� Note that�

��



in view of theorem ���� there need be no relation of this kind if any one of ��� �� and �����

is a nonpositive integer�

Remark ���� When �� 	and or ��
 is a nonnegative integer� the term x��� 	and or x��� 

plays no signi�cant independent role in the theory� which can be rearranged to omit these
factors with a consequent simpli�cation� 	In fact� with no loss in generality we can restrict
the theory to the case �i �� nonnegative integer�
 No such simpli�cation occurs in general for
special values of �� For example� a possible integrand is arctan	x��x�
� which is the function
r�	x�� x�
 with � � � and certainly gives rise to a corresponding term in the expansion�

Remark ���� Examination of the contour integral representation 	���
 of A���	�
��� shows

that the integrand function has a pole at p� � �� � � whose residue turns out to be

precisely �A
�����
��� as de�ned in 	���
� This implies that A

���
��� in 	��

 has a contour integral

representation having this same integrand� but a di�erent contour� Thus

A
���
��������� �

�

��i

Z
C�

�	p�� ��
�	�	��������p�
� ��
Mt	t
��r�	t� �
�		t
� p�
dp�� 	����


where C� is a modi�cation of the contour Re	p
 � c�� this modi�ed contour passes to the
left of the pole at p � �� � � but to the right of all the other poles� When �� 
 �� and
� � � 
 �� the contour C� may be taken to be the line Re	p�
 � �� indented to pass to the
right of the pole at p� � ��

� The Form of Related Expansions

Up to this point� the theory has been devoted to the asymptotic expansion of the trapezoidal
rule sum approximation Sm	��� ��
f 	introduced in 	���

 of the basic integrand function

f	x�� x�
 � x��� x��� r�	x�� x�
N	x�� x�
 	
��


over the �rst quadrant ����
�� In this section we deal with the form of the corresponding
expansions when the integration region is replaced by ��� �
� and when the integrand function
is generalized to fg with g regular in the integration region� We provide a simple framework
for handling the somewhat tedious extensions to the theory required to obtain these variant
expansions�

We denote various integration regions as follows�

H	�	 � ��� �
�� Hp�q � �p��
� �q��
� p� q � �� �� � 	
��


Speci�cally

H	�	 � ����
�� H	�� � ����
� ����
� H��	 � ����
� ����
� H��� � ����
��

We suppress dependence on �� and �� and denote by Sm	H	�	
f the quantity Sm	��� ��
f
de�ned in 	���
� The corresponding trapezoidal rule approximations to the regions speci�ed
above are denoted by

Sm	Hp�q
f �
�

m�

�X
j��mp

�X
j��mq

f

�
j� � ��
m

�
j� � ��
m

�
� p� q � �� �� 	
��


��



The sum over H	�	 can be expressed as

Sm	H	�	
f � Sm	H	�	
f � Sm	H	��
f � Sm	H��	
f � Sm	H���
f� 	
��


and the expansion for H	�	 may be obtained as the sum of the four expansions� a di�erent
one for each region� The appropriate expansion in these di�erent regions may di�er from
one another� depending on the extent 	if any
 to which the singularities of f penetrate that
region�

In none of the theory or examples treated in this paper are there any integrand singu�
larities in H���� and the integral exists� Thus the standard Euler Maclaurin expansion may
be applied�

The result of carrying out this process for the full singularity of theorem ���� namely�

f	x�� x�
 � x��� x��� r�	x�� x�
N	x�� x�
� 	
�



is an asymptotic expansion including exclusively terms of the form A��m
�� where � may

take any value speci�ed in items 	�
� 	�
� 	�
� and 	�
 of theorem 
��� together with � �
�� � �� � �� ��

In the application to numerical quadrature� however� one needs an expansion for the
more general function fg where g	x�� x�
 is a regular function� The standard approach is
straightforward� One expands g	x�� x�
 as a Taylor expansion and applies corresponding
results for each separate term and to the remainder term� The e�ect is to introduce for
each � already present a sequence �� j with j � �� �� �� �� � If� as in the �nal summation on
the right of 	���
� � already belongs to such a sequence� the form of the expansion is not
altered� On the other hand� the �rst term on the right of 	���
 is replaced by a sequence
	

 below�

The second major result of this paper is an umbrella result for all expansions involving
full singularities over these regions when the integrand function is generic�

Theorem ��� Let ��� �� and � be a generic set of parameters� as speci�ed in de�nition ��	�
Let Sm	H	�	
fg and Sm	H	�	
fg be the o�set trapeziodal rule approximation ����� to the
integral over ��� �
� and over ����
�� respectively� of fg� where f	x�� x�
 is the full corner
singularity function as given in ����� and g	x�� x�
 is a regular function� Then there exists
an asymptotic expansion for Smfg in powers of m containing exclusively terms of the form
A��m

� for some or all of the following values of ��
�	� � � ��
�
� � � s� s � �� �� �� ����
��� � � �� � � � n�� n� � �� �� �� �� ����
��� � � �� � � � n�� n� � �� �� �� �� ����
��� � � �� � �� � �� � � n� n � �� �� �� �� ����

This large number of terms in the expansion is disappointing� if not unexpected� All
expansions contain item 	�
� which is simply the 	Hadamard �nite�part
 integral� The
classical Euler�Maclaurin expansion includes additionally only sequence 	�
� The basic
expansion 	���
 may include two sequences� however� and when g is included� this becomes
three sequences�

��



� Expressions for Individual Coe�cients

��� The Classical Euler�Maclaurin Expansion

It is convenient to note the form of the classical Euler�Maclaurin expansion applied to
����
�� of which 	���
 is a variant�

Theorem ��� Let f	x�� x�
 be allowable and Cp����
�� Let Sm	��� ��
f be the o��set
trapeziodal rule approximation ���	� to this integral� Then there exists an asymptotic ex�
pansion of the form

Sm	��� ��
f � M	f � �� �
�
X
s��

Bs

�
ms � Rp 	���


where Bs is independent of m and Rp � O	m�p
�

Here� of course� M	f � �� �
 is a regular integral�
This form may be obtained from 	���
 by summing the corresponding result for the

square �K�K � �
 � �L� L � �
 over all nonnegative integers K and L� We �nd that the
coe�cients Bs take the form

Bs �
sX

k�	

ck	��
cs�k	��


Z �

	

Z �

	
f �k�s�k�	x�� x�
dx�dx�� 	���


In view of the high�order continuity of f � this can be reduced to

Bs � �cs	��

Z �

	
f �	�s���	x�� �
dx�� cs	��


Z �

	
f �s���	�	�� x�
dx� 	���


�
s��X
k��

ck	��
cs�k	�k
f
�k���s�k���	�� �
�

Thus� when f	x�� x�
 is allowable and C�p�����
�� the coe�cients Bs 	� � s � p
 depend
only on the nature of f	x�� x�
 on the axes x� � � and x� � ��

��� A Simpler Neutraliser Function

This result can be used to simplify marginally some of the previous results by simplifying
the dependence on neutralizer functions� The integrand functions of sections � and � all
involved a neutralizer function N	x�� x�
 given in 	����
� Examination of this function
shows that it coincides with the simpler neutralizer function

N	x�� x�
 � �	x�� k�� k�
�	x�� k�� k�
 	���


for all � � x� � k�k
��
	 � � � x� � k�k

��
	 � Consequently� the distinct full corner singularity

functions
f	x�� x�
 � x��� x��� rp	x�� x�
g	x�� x�
N	x�� x�
 	��



and
f	x�� x�
 � x��� x��� rp	x�� x�
g	x�� x�
N	x�� x�
 	���


��



coincide in a strip along the axes and are by de�nition C��k�k
��
	 ��
�� The function

	f	x�� x�
 � f	x�� x�

 is then C�����
� and so is one to which theorem ��� applies� and
examination of 	���
 shows that the coe�cients Bs for this di�erence vanish� This gives
immediately the following theorem�

Theorem ��� Theorem ��
 is valid as it stands when N	x�� x�
 is replaced by N	x�� x�

in the de�nition of f �

Naturally� S�m�f andM	f � �� �
 change whenN is replaced byN � The other coe�cients�

however� are identical� The expressions given for A
�j���
� are already independent of �	�

However� the expression given for A
�	�
� includes several terms� some of which depend on �	�

This dependence is in fact spurious�

��� The Coe	cient A�����
� 
 General Case

The coe�cient A
�����
���n��� is given by 	���
 which involves the neutralizer function N � In

view of theorem ���� we may replace N by N � This replacement allows a simple reexpression
in terms of the cofactor function of x��� in f � de�ned by

h�	x�� x�
 � x���� f	x�� x�
 � r�	x�� x�
x
��
� �	x�
�	x�
� 	���


Lemma ��� The n�th derivative of this cofactor function satis�es

h
�n� �	�
� 	�� x�
 � r�n��	�� 	�� x�
x

��
� �	x�
 	���


� r�n��	�� 	�� �
x�����n�� �	x�
� 	���


Proof� This is straightforward� Di�erentiating the right�hand side of 	���
 n� times with
respect to x� using the Leibniz expansion leaves n��� terms� Since �s	�
 � � for all s 
 ��
when we set x� � �� only one of these terms remains� this being the right�hand side of 	���
�

The �nal equation is established by noting that the factor r
�n��	�
� 	�� x�
 is homogeneous in

x� of degree �� n� and so can be reexpressed as required to establish the result� �

Minor rearrangement of 	���
 together with an application of this lemma give succes�
sively

A
�����
���n��� �

�	��� � n�� ��


n��
Mt	r

�n��	�
� 	�� �
t�����n��	t
� �
 	����


�
�	��� � n�� ��


n��
Mt	h

�n��	�
� 	�� t
� �
� 	����


The �nal term here is a regular integral when � � �� � n� 
 �� Otherwise it is a
one�dimensional HFP integral� except when �� �� � n� is a negative integer�

��



��� The Coe	cient A�����
� 
 Special Case r� � �

We treat the special case
f	x�� x�
 � x��� x��� �	x�
�	x�
� 	����


Here� we may set r�	x�� x�
 � � and set � � � in any previously stated result� The set of

poles in 	����
 may be replaced by a single pole p
���
� 	�
� Consequently all the terms other

than the initial term in the sums over n� and n� in 	���
 vanish� and only four individual
terms remain on the right of 	���
� The set of �ve su�cient conditions for a generic case
becomes simpler� The parameters are generic when all three of the following exist�

�� �� ��� �� �� ��� �� � �� �� ��� 	����


We then have the following theorem�

Theorem ��� Let �� �� �� and �� �� ��� Let S�m�	��� ��
f be the o�set trapezoidal
rule approximation ���	� to the corner singularity function ���	
�� Then there exists an
asymptotic expansion of the form

S�m�	��� ��
f � M	f � �� �
�
A
�	�
�������

m�������
�

A
�����
����

m����
�

A
�����
����

m����
� 	����


Here

A
�����
���� � Mt	t

���	t
� �

�	���� ��
� A
�����
���� � Mt	t

���	t
� �

�	���� ��
� 	���



It is shown below that
A
�	�
������� � �	���� ��
�	���� ��
� 	����


This special case may be treated without resort to the coordinate transformation of section
���� Instead� we may exploit the circumstance that f in 	����
 is a product function� say
f � ����� We apply theorem ��� to the function ��	x�
� with g	x�
 � �	x�
� to obtain for
the one�dimensional discretization 	���


S�m�	��
�� � M	��� �
 � �	���� ��
�m
���� �O	m�p
� 	����


valid so long as �� �� �� Since S�m�	��� ��
���� � Sm	��
��S�m�	��
��� we may take the
product of two versions of asymptotic expansions 	����
� obtaining an independent proof of

theorem ��� that provides the expression for A
�	�
������� given above�

��� The Coe	cient A�����
� 
 Special Case �� � �� � �

We treat the special case

f	x�� x�
 � r�	x�� x�
�	x�
�	x�
� 	����


For this to be a generic case� we require that �� � not be a nonnegative integer� allowing
us to apply 	���
 to obtain

Sm	��� ��
f � M	f � �� �
�
A
�	�
���

m���
�
X
s��

Bs

ms
� 	����


��



The coe�cient Bs reduces to

Bs � A�����
s � A�����

s 	����


�
�	�s � �� ��


	s� �
�
Mt	f

�s���	�	�� t
� �
�
�	�s � �� ��


	s� �
�
Mt	f

	��s���	t� �
� �
 	����


� �cs	��
FP
Z �

	
f �	�s���	x�� �
dx�� cs	��
FP

Z �

	
f �s���	�	�� x�
dx�� 	����


These coe�cients resemble closely the corresponding coe�cients for the regular function
given in 	���
� The only di�erences are that those integrals that� with the new integrand�
do not converge are changed into HFP integrals and the �nal summation in 	���
 	the terms
of which in this case are either zero or indeterminate
 is omitted� The reduction of form
	����
 to one resembling 	���
 is not immediate� One requires the following lemma�

Lemma ��� Let f be given by ���	��� and let t�� t� and s be positive integers� and � � s
�� � �� Then

FP

Z �

	

Z �

	
f �t��t��	x�� x�
dx�dx� � � 	����


FP

Z �

	

Z �

	
f �	�s�	x�� x�
dx�dx� � FP

Z �

	
f �	�s���	x�� �
dx�� 	����


We omit our somewhat pedestrian proof of this elegant result�
In view of this� we may reexpress this coe�cient as

Bs �
sX

k�	

ck	��
cs�k	��
FP
Z �

	

Z �

	
f �k�s�k�	x�� x�
dx�dx�� 	���



This is precisely the same form as the corresponding 	 ���
 except that regular integrals are
consistently replaced by HFP integrals�

The expansion 	����
 bears a close resemblance to the corresponding expansion for a

regular function described by theorem ���� Apart from a single additional term A
�	�
����m

����
the only di�erences are those required to modify integrals that would otherwise diverge to
HFP integrals and to remove indeterminate quantities�

��� Special Case �� � �� � �
 Region ��� ���

This is treat the special case �� � �� � � by taking the di�erence of the expansion for the
region ����
� and the expansion for the region L����
� The �rst expansion is 	����
 with
Bs given by 	���

� The second is a minor variant of 	���
 adapted to the L�shaped region�
Here Bs is given by 	���
� except that the integration region is the L�shaped region� The
result is the following�

Theorem ��� When �� � is not a nonnegative integer�

Sm	H	�	
f � M	f � �� �
�
A
�	�
���

m���
�
X
s��

Bs

ms
� 	����


��



and the coe�cient� Bs of m�s reduces to

Bs �
sX

k�	

ck	��
cs�k	��
FP

Z �

	

Z �

	
f �k�s�k�	x�� x�
dx�dx�� 	����


Note that A
�	�
��� in this expansion is identical with the same coe�cient in expansion 	����
�

	 The Two�Dimensional Nongeneric Expansions

In the preceding section� we developed 	���
 by �nding expressions for the residues Ri in
the case that all the poles Pi of �

���	p
 are simple poles� In that case expressions for the
residues are readily available� reducing 	���
 to 	���
 with accompanying expressions for the
coe�cients� These terms� together with terms arising from a corresponding development of
f ���� appear in the �nal theorem ����

In a nongeneric case� some of the poles Pi are not simple� for these� a di�erent residue
calculation is required�

If we treat only f ���� to obtain a nongeneric case� two or more of the poles p
�j�
� given in

	����
� 	����
� and 	����
 must coincide� This situation can happen in relatively few ways�
	�
 p�	� � p��� � p���	n�
 for some nonnegative integer n�
	�
 p�	� � p��� �� p���	n
 for all nonnegative integers n
	�
 p�	� � p���	n

 �� p��� for some nonnegative integer n

	�
 p��� � p���	n�
 �� p�	� for some nonnegative integer n�
Case 	�
 is a triple pole� In this case all other poles of ���� are simple�
Case 	�
 is a double pole� In this case all other poles of ���� are simple�
Cases 	�
 and 	�
 are also double poles� They may both occur in the same expansion

with n
 �� n�� or possibly only one may occur� In either situation� all other poles of ���� are
simple�

We note that p�	� � �� This pole gives rise to the term M �f ���� �� �� in the expansion�
In all these cases� the form of the expansion can be readily obtained� The integrand

function 	����
 is of the form ����	p
 � G	p
mp��� where G	p
 contains the poles at p � Pi�
Since there is no pole of G	p
 of order higher than �� the Laurent expansion of G	p
 about
any pole P can be written in the form

G	p
 � c�
	p� P 
�
 � c��	p� P 
�� � c��	p� P 
�� � c	 � ���� 	���


When P is a double pole� c�
 � �� When P is a simple pole� c�
 � c�� � �� The factor of
����	p
 involving m may be expanded in the form

mp�� � mP��exp		p�P 
 logm
 � mP��	��	p�P 
 logm�		p�P 
 logm
���� ����
� 	���


The residue of ����	p
 � G	p
mp�� at the pole p � P is simply the coe�cient of 	p� P 
��

in the product of these two expansions� This is

R � 	c�
	logm
��� � c��	logm
 � c��
�m
��P � 	���


Naturally� the principal theorem of the preceding section� theorem ���� requires mod�
i�cation before it may be applied to these nongeneric cases� This modi�cation is minor�

��



however� When P is a double pole of ����	p
� two of its factors have poles at p � P � If the
residues are mistakenly calculated on the basis of this being a simple pole� the result contains
an indeterminate factor� Thus� in the expansion 	���
 of that theorem as written� when P is
in fact a double pole� the two terms of the form A��P �m

��P are both indeterminate� The
proper residue to use in this case is of the form 	���
 with c�
 � �� the two indeterminate
terms should be replaced by a two�parameter term of the form 	C��P logm�D��P 
�m

��P �
In the triple pole case� which occurs only when P � �� one replaces three terms� each

apparently constants in the expansion� by a three�parameter term of form

R � C�
		logm
� � C	 logm�D	� 	���


The derivation given above refers only to the terms in the �nal expansion arising from
the component f ���� A similar treatment of f ��� is also required� This gives results of a
precisely corresponding nature�

Thus it is straightforward to write down the form of the expansion in nongeneric cases�
But formulas for the coe�cients are cumbersome� The principal application is to numerical
quadrature by extrapolation� There� expressions for the coe�cients are needed only when
the value of the integral is involved� In the generic case� this is the constant coe�cient
M	f � �� �
� In cases where there is a multiple pole at p � �� we now have terms as in 	���

with P � ��


 Concluding Remarks

We are interested in integration over ��� �
� and ����
�� We have treated integrand functions
having a full corner singularity� These are of the form

f	x�� x�
 � x��� x��� r�	x�� x�
G	x�� x�
� 	���


where r� is homogeneous of degree � 	see 	���


 and has no singularity in ��� �
� other than
at 	�� �
� where G	x�� x�
 is C�������
� and where f is acceptable� that is� its decay rate
for large x�� x� is su�cient for the integral to converge there�

The overall result is this� For all values of the parameters ��� �� and � there exists an
asymptotic expansion of the o�set trapezoidal rule of the form

S�m�f �
X
i�	

	A�i � C�i logm�D�i	logm
�
�m�i� 	���


Here� the elements �i are distinct� only a �nite number are nonpositive� For convenience
we take �i in increasing order� In cases in which the integral converges 	that is� �� � �� �
� 
 ��
� this result can be gleaned from several papers �Ly�����LydD�����VeHa���� In this
case �i��� A	 � If � and D	 � C	 � ��

The focus of our investigation has been on cases in which the integral does not converge�
In the development of the theory� it became necessary to evaluate the residues at the poles
of a function that depends on the parameters� In the cases in which all poles are simple�
we have termed the set of parameters generic�

�




In generic cases� C�i � D�i � � for all �i� and A	 � If � where If is the Hadamard �nite
part integral� The expansion reduces to

S�m�f �
X
�i
	

A�i�m
�i � If �

X
�i		

A�i�m
�i � 	���


the required values of �i are given in Theorem xx
��xx� The �rst summation is �nite�
including only the negative values of � 	that is� positive powers of m
� In the extrapolation
context in the hypersingular cases� one seeks the constant term If � which is not the leading
term� A list of conditions on the parameters that ensure a generic case is given in theorem
xx���xx� however� these are only su�cient conditions� A generic case may occur� even if
some of these conditions are violated� It is quite permissible to treat� in the �rst instance�
a generic case as if it were nongeneric� One simply lengthens the calculation by introducing
additional terms unnecessarily�

In the nongeneric cases� in which coe�cients C	 and D	 exist� the integral is not given
by A	� In the corresponding one�dimensional case �Ly���� it is possible to extract If from
the values of A	 and C	� In the two�dimensional case� expressions for A	� C	� and D	 are
much more complicated� At present� we have no evidence to the e�ect that one can extract
If from these� This is under investigation�

References

�Ha
�� J� Hadamard� Lectures on Cauchy�s Problem in Linear Partial Di�erential Equa�
tions� Dover� New York� ��
�� reprint Yale Univ� Press� New Haven� �����

�Ly��� J� N� Lyness� Applications of Extrapolation Techniques toMultidimensional Quadra�
ture of Some Integrand Functions with a Singularity� J� Comput� Phys� �	� ���!����
�����

�Ly��� J� N� Lyness� Finite�Part Integrals and the Euler�Maclaurin Expansion� In Approx�
imation and Computation� edited by R� V� M� Zahar� Birkh"auser Verlag� pp� ���!����
�����

�LydD��� J� N� Lyness and E� de Doncker� Quadrature Error Expansions� Numer� Math�
��� �

!���� �����

�Mo��� G� Monegato� Numerical Evaluation of Hypersingular Integrals� JCAM �	� �!���
�����

�MoLy��� G� Monegato and J� N� Lyness� The Euler�Maclaurin Expansion and Finite�Part
Integrals� Numer� Math� 
�� ���!���� �����

�Si��� A� Sidi� Euler�Maclaurin Expansions for Integrals over Triangles and Squares of Func�
tions Having Algebraic Logarithmic Singularities along an Edge� J� Approximation
Theory ��� ��!
�� �����

�Ve��� P� Verlinden� Cubature Formulas and Asymptotic Expansions� Ph�D� thesis�
Katholieke Universiteit Leuven� �����

��



�VeHa��� P� Verlinden and A� Haegemans� An Error Expansion for Cubature with an Inte�
grand with Homogeneous Boundary Singularities� Numer� Math� ��� ���!���� �����

��


